PERTURBATION OF BAUM-BOTT RESIDUES 



FILIPPO BRACCI AND TATSUO SUWA 

Abstract. We prove that Baum-Bott residues vary continuously under smooth deformations 
of holomorphic foUations. This provides an effective way to compute residues. 



1. Introduction 

A holomorphic foliation on a complex manifold M is known to produce a "holomorphic 
action", as discovered by P. Baum and R. Bott in [3 J, on the virtual bundle TMjT . Such a 
partial holomorphic action provides a holomorphic connection for the bundle TMjT along T 
outside the singularities of T and thus produces localization of sufficiently high degree classes 
of TMjT around the singularities of T . Such localizations are called "Baum-Bott residues" 
(see fSl, Thm. 2], [10, Ch.VI, Thm. 3.7]). When the singularity is isolated the Baum-Bott 
residue can be expressed in terms of a Grothendieck residue (see [3, (0.6)]). When the singular 
set is non-isolated in some cases some formulas are available (see [|3l Thm. 3] and dH) but, in 
general, explicit computation of the residues is rather difficult. 

The aim of the present paper is to study the behavior of the Baum-Bott residues under smooth 
deformations. This provides an effective tool for computing residues explicitly. 

More in details, we consider a smooth deformation of a complex manifold. This is essentially 
a smooth fibration over a smooth manifold, whose fibers are complex manifolds (see Section^. 
On each such a fiber we consider a holomorphic foliation which varies smoothly (see Section 
[3]). We prove that the Baum-Bott residues (when taken together suitably) vary continuously 
under smooth deformations. 

We state here a simple consequence of our main Theorem 15.51 for the case of classes of top 
degree, referring the reader to Section|5]for the general case. Thus, let P be a real manifold, the 
"parameter space". Let M := {Mt}t£P, be a deformation of complex manifolds of dimension 
n. Let := {J-'t} be a deformation of holomorphic foliations on A/j . Then defines naturally 
a smooth foliation on M (see Section |3]). 

Suppose the singular set St^ of in Mt^ is compact and connected. The analytic set St^^ 
is contained in a connected component in M of the singular set of the smooth foliation J^, and 
we denote by St the intersection of such component with M^. The set St is contained in the 
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singular set of Ft but in general may not be connected. Thus, we let St = US^ be the connected 
components decomposition of St. 

Theorem 1.1. Suppose that St is compact for all t E P. Let (f be a homogeneous symmetric 
polynomial of degree n and denote by BB^{J^t', S^) the Baum-Bott residue ofj^t cit S^. Then 

\im Y^BB^iJ^t; S^) = BB^iJ^to; St,). 

X 

A general version of the previous theorem is Theorem 15.51 whose proof is contained in Sec- 
tions |4] and |5l The rough idea of the proof is to define a special connection on the regular part 
of the bundle TM such that on each fiber Mt defines the special connection given by the 
Baum-Bott action and see the residues as the integral of a smooth form on M along the fibers. 

In Section |6] we give an explicit example of the previous result. In particular, aside from 
explicit computation, the example shows that if the residues in the same connected component 
of M are not taken together, continuity is lost. 

Part of this work was done while the first named author was visiting the University of Tokyo. 
We would like to thank Prof. J. Noguchi for providing us inspiring environment for research. 

2. Deformation of manifolds 

The theory of deformation of complex structures was first systematically developed by K. 
Kodaira and D. C. Spencer [61, here we recall the basic material relevant for our needs. 

Definition 2.1. A deformation of manifolds is a triple (M, P, n), where P is a C°° manifold of 
real dimension s, called the parameter space, M is a C°° manifold of real dimension 2n + s, 
called the ambient manifold, and n : M — )• P is a surjective C°° map such that there exists a 
covering {Ua} (called an adapted deformation coordinates covering of M) with the following 
properties: 

(1) for each a, the open set Ua is diffeomorphic to D x V, where D is an open set of C" 
and V is an open set of W, with coordinates (z", . . . , t", • • • , C)' 

(2) 7T{Ua) is diffeomorphic to V and vr is compatible with the projection D x V ^ V, 

(3) on Ua n Ufs ^ ^ we may express as 

J^f = ^,^(^",n t = l,...,n 

and, for each fixed t", the map t-^ z^{z°',t°') is holomorphic. 

For t E P we let Mt := vr^^(t) be the fiber over t. By definition the fibers Mt, for t E P, are 
complex manifolds. In particular we can define the sheaf O-^ of C°° functions on M such that 

/ E dj^{U) if for all x e t/, E 0^-i^^i^)){U r\Ti-\-K{x))). 
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Remark 2.2. Let Ua C M he a. coordinate chart of an adapted coordinate covering for M. A 
function / belongs to 0^{Ua) if and only if f{za,ta) is a C°° function such that f{-,ta) is 
holomorphic (note that this is well defined by (|2.1I) ). 

Definition 2.3. Let E he a. C°° complex vector bundle of rank r over M. We say that E is an 
Oj^-(vector) bundle if there exists a trivializing atlas {Ua} for E, with frames {e°, . . . , e^} for 
E\u^, such that the transition matrices with respect to those frames have entries which are local 
sections of Oj^. Such frames {e", . . . , e"} are called O^-frames. 

Given an O^g-bundle E, we denote by Oj^{E) the O^-module of Oj^ sections of E. Namely, 
s G Oj^{E){U) is a C°° section of E over the open set U C M such that in any Cj^-frame 
{e", . . . , e"} over Ua with f/^ fl t/ 7^ the section s is given by 

r 

s{z'^,r) = ^/;(^",r)e-, /; e d^{Ua n u). 

Let Tirtt := kervr^,. Since the fibers of the fibration n : M P are holomorphic, we can 
define the complex vector bundles 

Ttt := U T^n-\n{x)), := \J T,n-^{n{x)). 

xGM xeM 

Local frames for Tvr and Tvr in an adapted deformation coordinates covering are given respec- 
tively by {^}j=i,...,„ and { J^}j=i,...,„ and 

Tirtt ® C = Ttt © T^. 

Using an adapted deformation coordinates covering, by (12.11 ). it is easy to see that Ttt is an 
C^-vector bundle over M. Moreover, it has a natural structure of O^-Lie algebra, namely, 
using local coordinates, one can easily see that ifv,wE 0^{T7r){U) then 

[v,w]edj^iTn)iU). 

3. Deformation of foliations 

Deformations of holomorphic foliations, especially from the point of view of moduli spaces, 
have been studied by a number of authors (e.g. lEl, jU, lIH). Here we consider C°° families of 
singular holomorphic foliations. 

Let S he an O^g-module. We say that S is coherent if, for each point x E M there exists an 
open neighborhood U C M and two integers p,q > such that 

(3.1) d^f^ dj^il s\u ^ 0, 

is an exact sequence of CtjI {/-modules. 
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Definition 3.1. Let (M, P, vr) be a deformation of manifolds . A coherent Oj^-submodule of 
0^{Ttt) such that [J^, J^] C is called a deformation of foliations. 

Given a deformation of foliations on a deformation of manifolds (M,P, tt), we denote 
by the sheaf of germs of complex valued smooth functions on P, and for each t E P, 
by It := {/ e : f{t) = 0} the ideal sheaf of smooth functions vanishing at t. The set 
TZ := 7T*C'^ is the sheaf of smooth functions on M that are constant along the fibers, and it is 
naturally a subsheaf of C^. Noting that lZ/'K*Xt is supported on Mt = n^^{t), we define 

J^t := ^®7^7^/7^%. 

Note that Oj-^ lZ/n*Xt = OMt^ the sheaf of holomorphic functions on Mt. Hence, if £ is an 

Oj^-module over M, then £ (8)7^ Tl/7c*It is an Oa/^ -module over Mt. 

In particular, the sheaf J-i is an (9 a/^ -module. In adapted deformation coordinates, if Xi, . . . , 
are local generators of given by 

then Tto is locally generated by the to)'s- Namely it is generated by the vector fields 

(3.2) x,(z^t^) = 5^/,,(z^t^)A 

obtained by evaluating fijiz", at t = to- From this remark, it follows easily: 
Lemma 3.2. For all t E P, the sheaf J^t defines a holomorphic foliation on Mt. 
We have the following exact sequence of Ojg-modules on M: 

(3.3) ^ ^ — > Oj^iTn) — ^ A/> — ^ 0. 
The singular set of is by definition 

S{^) := {x G M : A(^^^ is not O^^^ - free}. 

Lemma 3.3. For each point x E M there exists an open neighborhood U G M and two integers 
p,q >0 such that 

is an exact sequence of 0^\u -modules. Moreover, 

S{J^)\u = {x E U : rankyj^. is not maximal}. 

Proof. Since is C^-coherent and 0^(Ttt) is Oj^-locally free, from (13.31 ) it follows that 

J\f^ is Oj^-coherent as well, so that (13.41) holds. The final statement follows from standard 
commutative algebra and (13.41) . □ 
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Lemma 3.4. For each t E P such that Mt </i S{J^) the following sequence of O Mr^odules 
over Mt is exact: 

(3.5) {}^7®n 7^/vr% ^ Oj^^iTu) ®n 7^/vr% ^ ®n n/'R*Xt 0. 

Proof. Since taking tensor products is right exact, it suffices to prove that the second map from 
the left is injective. 

It is true on the stalk over each x E Mt such that x ^ S{F), since A/jf,^ is O^^-free. We 
note that according to Lemma [331 S{F)\unMt = {x G f/ fl : rankyja- is not maximal}. 
Hence, for t fixed, these equations give rise to an analytic subset S{F) fl Mt of Mt, provided 
Mt (/L S{F). As a consequence, S'( J-") flMt is thin in Mt. This shows that, since is a subsheaf 
of 0^(T7r), it is also true on the stalk over x E S{J') n Mt. □ 

For each t E P we have the following exact sequence of O^/t -modules: 

(3.6) O^Tt^ OM^TMt) M^, 0. 
Definition 3.5. Let t G P. If Mt C S{?), we let S{J^t) ■= Mt. Otherwise we let 

S'(J't) := {x E Mt : A/>t,x is not - free}. 
Proposition 3.6. For allt E P it holds 

s{Ft) = S{?)r\Mt. 

Proof. If Mt C S{F) there is nothing to prove. 

Thus, assume Mt (/L S{F). Since dj^iTii) ®n 7^/7r*Xj = OutiTMt), comparing ([33]) and 
(13.61) we see that 

(3.7) Ut, = Up ®n n/Ti*Xt, 

from which the statement follows at once. □ 

4. Relative Bott vanishing for a deformation of foliations 

In this section we discuss a Bott type vanishing theorem for deformations of foliations. Thus, 
we let (M, P, 7r) be a deformation of manifolds and F a deformation of foliations on M. In this 
section we assume 

S{F) = 

so that there exists an C^-subbundle F of Tn such that = Oj^{F). 

We refer to [|3| for the notion of partial connections (see also [^, ifTOl ). As an example, 
given an Oj^-bundle E over M, we can define a "relative 9-connection" for E along Tn as 
follows. We let 

a^:C2£(P)->C^(T^®E), 
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imposing that, given an Ojj-frame {crf , . . . , a"}, and a C°° section of E, a" := ^ ff'^^^ it 
holds 




Since the transition matrices for E with respect to C^-frames contains only entries in Oj^, it is 
easy to see that such a definition is well given and it is a partial connection for E along Tvr. 

Definition 4.1. Let E be an O^^-bundle over M and let 8 be the sheaf of its Oj^-sections. A 
fiat partial Oj^ -connection for E along is a C-linear map 

with the properties that for all X E J', f, g E and a E £ 

^{fx){9(r) = f {9Sx{(^) + dg{X)a) 
and ^ 

5xo5y = 0, VX, Y e7. 

If 5 is as above, it induces a (C°°) partial connection 

5 : C2S(E) -> C2S(F* ® E) 

such that, for X E F and a E £,vje have G Thus 

5 © : (E) ^ ((F* © TSF) © E) 

is a partial connection. We say that a connection V : C~{E) — )■ C~{{T*M ©€)©£') extends 

5 © if Vx = (5 © dE)x for all sections X of F © Ttt. Such a connection V always exists 
(cf. 0). 

We have the following "relative Bott vanishing" theorem for actions of deformations of foli- 
ations: 

Theorem 4.2. let (M, P, tt) be a deformation of manifolds and T a deformation of foliations 
on M of rank "p. Assume that S(T) = 0. Let £ be the sheaf of O^-sections of an O ^-bundle 
E over M. Assume there exists a flat partial O^-connection 6 for £ along T. Then, for any 

connection V for E extending 5 © Be, denoting by it : Mi M the natural embedding, it 
follows 

for allt E P and all symmetric homogeneous polynomials tp of degree d > n — p. 
Proof. Let F be the Oj^-bundle whose associated sheaf of sections is J^. Write 

TM©C = F©Fi ©7¥©7r*(TP), 
where Fi is any complement of F in Ttt. 
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Let K be the curvature of V. Let {si, . . . , Sp} be a local O^-frame for F, and • • • , ^f-} 
the natural frame for Ttt in adapted deformation coordinates. Since F is an O^-subbundle of 
Tvr, we can write sj = Ylk=i ^k{z, t)-£^ for j = 1, . . . ,p and G O^. Hence, [sj, ^] = 
for j = 1, . . . ,p and k = 1, . . . ,n. 

Arguing similarly as in the proof of |l3l Prop. 3.27] (see also ^ Thm. 6.1]) since Cj^- sections 
of E generate as C~-module the sheaf of C°°-sections of E, one can see that 



A-fe....) = A-fe.J^) = A-(J-.A)=0 
for all j, /c = 1, . . . , p and h,l = 1, . . . ,n. For instance, given a an O^^^-section of E, we have 

K{s„ -^){a) = Vs,{Vaa) - V a (V.^a) - V[ a jcr = 0, 

because V _a_a = (5£;)_a_cr = by definition, since a is an Crr-section; V^.a is another 

OrT-section of -E, hence V a fV.^.ff) = (dE)^iVs <y) = and \si,-£r-] = 0. 

As a consequence, the entries of the matrix representing K are 2-forms belonging to the ideal 
generated by a dual basis of Fi (which has dimension n — p) and by (iti, . . . , dtg, where these 
latter are a basis of n*(T*P). Therefore, if (p has degree greater than n — p, it follows that 

(y9(V) = ^^l^j A dtj, 

for some 2d — 1 forms coj, hence, i*((/)(V)) = 0. □ 

We recall that if M is a complex manifold and is a non-singular holomorphic foliation 
on M then there exists a natural holomorphic partial connection 5 for the normal bundle of the 
foliation A/jr along T given by the so called Baum-Bott action (see jSl, ifTOll ). Such a connection 
is /Jar, in the sense that 5 o 5 = 0. It is defined as follows: 

(4.1) 6x{cr) ■.= p{[X,a]) 

where a G Mjr is a holomorphic section of the normal bundle to the foliation, a E Om{TM) is 
a holomorphic section of the tangent bundle to M such that p{a) = a, where p : Om{TM) — )• 
A/jF is the natural projection, and X E T . 

We are going to show that a deformation of foliations gives rise to a flat partial Oj^-connection 

for Mf along T such that its "restriction" to each fiber Mt is the holomorphic flat partial con- 
nection for the normal bundle to Tt given by the Baum-Bott action: 

Proposition 4.3. Let (M, P, vr) he a deformation of manifolds and T a deformation of foliations 

on M. Assume that S[T^ = 0. Then there exists aflat partial Oj^-connection 5 for along 

T. Moreover, if it : Mi M is the natural embedding, then i\ [S) is the holomorphic flat 
partial connection for Mj along Tt given by the Baum-Bott action. 
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Proof. Let p : 0^{Tn) — )• J\f^ be the natural projection. For X G J-" and a G Mj- we define 

(4.2) ~6x{cr):=~pi[X,a]), 

where a G Oj^iTir) is such that p(a") = a. Involutivity of T shows that S is well-defined and 
flatness follows from the Jacobi identity, so that 5 is a partial Cj^-connection for J\f^ along J^. 

Comparing (14.21) with (14.11) . it is easy to see that i^{5) is the flat partial CA/r^onnection for 
A/'jTj along given by the Baum-Bott action. □ 

In particular, Theorem 14. 21 and Propo sition 14.31 imply the following: 

Corollary 4.4. Let (M, P, tt) be a deformation of manifolds and T a deformation of foliations 
on M. Assume that S[fF^ = 0. Then there exists a connection V for such that, denoting by 
it : Mf M the natural embedding, it follows 

for allt E P and all symmetric homogeneous polynomials (p of degree d > n — p. 



5. Residues of Baum-Bott types on deformations of manifolds 

In this section we assume (M, P, tt) is a deformations of manifolds and is a deformation 
of foliations on M. We also assume that J\fj- admits a C°° locally free resolution, namely, there 
exists an exact sequence of C~-modules: 

(5.1) O^Sg^ ^ ^0 ^ A/> ®o^-^ 0, 



such that each £j is locally C~-free. 



Remark 5.1. If is locally Oj^-free then such a condition is satisfied with q = 1 and £i 



M 



Let Ej be the vector bundle over M whose sheaf of C°° sections is Sj. Then is a virtual 
bundle in the i^T-group K{M) and its total Chem class is defined as 

c{Ar^) = flc{E,Y-'^\ 



We briefly sketch here the theory we need, and refer the reader to ^ Section 4], [|71 and [fTOl 
Ch.II, 8] for details. _ . _ _ 

Let Ui be an open neighborhood of S{J^) and let Uq := M \ S{J^). We denote by (V', V') 
the family of 1 connections compatible with (|5.1I) and adapted to the covering U := {f/o, f/i } 
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of M. Namely, V* = (V^, . . . , V°), / = 0, 1 is a family such that V\ is a connection for Ej\fj^, 
j = 0, . . . , g, / = 0, 1 and the following diagram is commutative for i = 1, . . . , g and / = 0, 1: 

E^\u, Cf^{T*M®E,\^) 

(5.2) I 

Moreover, let Np be the vector bundle on Uq whose sheaf of sections is ^^Ic/o' 

V be an extension of the flat partial Cj^-connection 5 for along F given by Proposition 

I4.3[ It is then possible to choose V' to be compatible with V (in the sense explained before). 

Now, we let be a homogeneous symmetric polynomial of degree d > n—p. One can define 
the class '^{M^) in the Cech-de Rham cohomology W'^iU) which is represented by 

:=(¥^(V-),y.(V:),¥.(V-,V:)), 

where, by the compatibility condition, '/'(V*) = V^(V) is a 2d form on Uq, v^(V*) is the 2d 
form on Ui associated to the family V* and (/'(V", V*) is a {2d — l)-form on Uq fl Ui such that 
(i(/9(Vo, V') = (y9(V*) — v5(Vq). The Cech-de Rham cohomology H*(W) is naturally isomorphic 
to the de Rham cohomology H^j^{M, C). 

If Mt ^ S{J'), tensorizing (15.11) with lZ/'K*Xt we obtain the following exact sequence of 
-modules (cf. the proof of Lemma 13. 41) : 

(5.3) Q^£q®n n/n^It > E^^n 7^/7^*X^ ^ A/> C§ ®n njix^Xt 0, 

where £j ®ti lZ/'n*Xt is the sheaf of sections of the restriction of the bundle Ej to Mt. By 
(13.71) . it is then easy to see the following: 

Lemma 5.2. Let t & P and let it : Mt M be the natural embedding. If Mt ^ S{J^) then 
(''t (^o)> ''t (^D) '■^ a family of connections for the virtual bundle Mjr^ compatible with (15.31 ). 

By Corollary 14.41 and by the compatibility condition, it follows that for all homogeneous 
symmetric polynomials if of degree d > n — p, the class ip{AfjrJ is represented in the Cech- 
de Rham cohomology associated to the covering U fl Mt of Mt by the cocyle 

^(.:v:) = (.,v(v-),.,v(v-),.,v(v-, V-)) = (.,>(v),.,v(v-),6,>(v-, v^)) 
= (o,.Mv-),^MVo,v-)). 

Hence, since by Proposition |3.6[ UoHMt = Mt\ S{J't), the previous cocycle defines a localiza- 
tion of (f [Mjr^ ) , call it v9 (A/>, , ) , in the relative Cech-de Rham cohomology H^"' (W n , \ 
S{Ft))- The Baum-Bott residue is the image of Lp(J\fjr^,J't) by the Alexander homomorphism 
A : pL^'^iU n Mi, Mt \ S{J^t)) -> H^'^-'^'^iUi n Mt)*. If S{Tt) is made of k connected compo- 
nents than H'^'^~'^'^{Ui fl Mt)* is a direct sum of k addends, and we can consider the Baum-Bott 
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residue at each connected component of S'(J-t). If Ui fl is a regular neighborhood of S{J^t) 
then the above residue can be thought of as being in H2n~2d{S (J-'t) , C). 
Now, let 5"(J^) C S{T) be a connected component. We assume that 

St:= Mtf] S'{^) is compact Vt G P. 

Remark 5.3. Note that even if S{J') is connected by assumption, S{J't) niight not. 

Let i? be a real manifold of dimension 2n + s with boundary such that 5" (J-") is contained in 
the interior of R, no other components of S{J-') intersect R and dR is transverse to Mt for all 
t E P. Moreover, we can take R in such a way that Rt := Rn Mt is compact for all t E P. 

We let f/t := Ui n Mt and denote by H^niUt) the de Rham cohomology of Ut. By the 
previous construction, we can express the Baum-Bott residue BB^(J^t; St) E H'^^'^'^iUt)* as 
follows: 

(5.4) BB^( J-,; St) : Hll'^\Ut) 9 [r] ^ / 4^(V-) A r - / ..XV', V') A r. 

jRt J dRt 

Remark 5.4. Note that there exists a natural morphism Hj^~'^'^{Ut)* -> Hj'^'^'^{Mt)* . There- 
fore one can remove the dependence on f/i in this construction. Moreover, if Mt is compact, 
then H%-^\MtY = H2n-2d{Mt). 

Now we are in good shape to prove our main result: 

Theorem 5.5. Let (M, P, vr) be a deformation of manifolds and T a deformation of foliations 
on M of rank J). Suppose that Mf admits a C°° locally free resolution. Let S\T) C S{T) he 
a connected component of the singular set of T and let St := Mt fl S'{T). Assume that for all 
t E P the set St is compact and St 7^ Mt. Let ip be a homogeneous symmetric polynomial of 
degree d > n — p. Under these assumptions, the Baum-Bott residue BB^{J^t', St) is continuous 
in t E P. Namely, for any C°° {2n — 2d)-form f on M such that l* (f) is closed for all t E P, 

lim BB^i^t; St) iL*tif)) = BB^iTto, StJ (4„(r)) . 

Proof. From the previous construction and (15.41) it follows that the Baum-Bott residues on Mt 
are expressed by means of smooth forms on M. Hence, they vary continuously. □ 

Note that, if St is not connected and St = UxSt is its connected components decomposition, 
then 

BB^(J^j; St) = ^^BB(^(J^f; St)- 

A 
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6. An example 

In with homogeneous coordinates [xi : X2 : X3 : X4] we consider the vector field which is 
defined in the affine chart X4^ with coordinates x = Xi/x4^ y = X2/x4^ z = Xs/x4 by 

\ Odd 
X{x, y, z) := X— + x— + y—. 

ox ay oz 

The singularities are the line L given by a;i = 0:2 = and the point at infinity given by Q := 
[1:1:1:0] (see the next expression (|6.2I) ). 

The vector field X generates a one-dimensional foliation T given by X : x C — )■ TP^ 
on P'^. By the Baum-Bott theorem, we can localize (/^(TP'^/J^) for homogeneous symmetric 
polynomials of degree 3. Such polynomials are essentially given by cf , C\C2 and C3. Moreover, 
since T is trivial, we obtain that (y9(TP^/J^) = v9(TP^). Let OiV) be the hyperplane bundle 
on P^ and let := Ci(0(l)) G H^j^i^"^). From the Euler exact sequence, it follows that 
C(TP3) = (1 + 0^ from which 

(6.1) I c?(TP=^) = 64, I ciC2(Tp3) = 24, /" C3(Tp3) = 4. 

JP3 JPS JP3 

Changing coordinates, in the affine chart X3 7^ with coordinates x = Xi/x^, y = X2/xs, z = 
X4/X3 the vector field X has the expression: 

d d 

(6.2) X(x, y, z) = {x- xy)— + {x - y^)— - yz—. 

ox oy oz 

From this it follows that the first jet of X at Q is given by the non-degenerate matrix 

A : = 




Hence since Q is a non-degenerate isolated singularity for X it follows (see, e.g. [S, (0.7)] or 

ttia) 

(6.3) BB^(X;g) = ^, 
that is 

(6.4) BB,3(X;Q) = 27 BB,,,,(X; Q) = 9 BB,3(X;Q) = 1. 
By the Baum-Bott theorem, 

/ (^(TP3) = BB^(X;g)+BB^(X;L). 

From this and by (16.11) and (16.41) we obtain 

(6.5) BB,3(X; L) = 37 BBe^cal^; L) = 15 BBe3(X; L) = 3. 
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However, computing such residues directly without using the Baum-Bott theorem seem to be 
very complicated because the singular set is not isolated. 

We present now a deformation procedure which allows to compute the previous residues and 
explain in practice how our Theorem 11.11 works . 

Let M := X (— 1, 1) and let T be the deformation of foliations defined by the vector fields 
Xj, t G (— 1, 1), which on the chart X4 7^ are defined as 

X,(x,y,z) = (x + tz)^+x| + ,^. 

On the chart X3 7^ the vector field Xt is given by 

X{x, y,z) = {x-xy + t)— + {x- f )— - yz—. 

The singularities of Xt for t 7^ are given by O := [0 : : : 1] and Pj{t) := [u^^ : Utj : 1 : 0] 
for j = 1,2,3, where the Ut/s are the three roots of the equation — — t = 0. 
At the point O the first jet of Xt, t 7^ 0, is non-degenerate and it is given by the matrix 




From this it and from (16. 3h . 

(6.6) BB,.iXt;0) = j BB,,,,{Xt;0) = BB,.^iXt;0) = I. 

Remark 6.1. It is interesting to note that lim^^o BBc3(Xt; O) = 00, namely, the residue by 
itself is not continuous, but it is so when taken the sum of the residues for the singularities 
which belong to the same connected components in the ambient space M. 

At the point Pj (t) the vector field Xt has first jet given by the matrix 

/ 1 - utj -ufj 
B{t,j) := 1 -2ut,j 

V -utj 

with determinant detB{t,j) = ulj{2 — 3utj). Thus, for t — )■ 0, t 7^ the points Pj{t) are 
isolated non-degenerate singularities for Xt and one can use (|6.3I) to compute the residues: 

(6.7) ^^^'^^ - uU2-3ut,) ^^^'^^ - <,(2-3n,,) 
BB,3(Xi;P,(t)) = l. 

Now, as t — !■ 0, it follows that two of the roots of of the equation A^ — A^ — t = tend to and 
one tends to 1. We assume that 1, 2 and 3 — )• 1. Hence, if S'{T) is the connected 
component which contains the line L in the manifold deformation M x (— 1, 1), the intersection 
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of S'{J^) with M X {t} is given by the points O, Pi(t), P2it). While, the connected component 
in M X (—1, 1) which contains Q contains all the points Psit). 

A direct computation — taking into account that ut^i + Ut^2 + ut^z = 1, Ut,iUt,2 + Ut,iUt,3 + 
Ut,2Ut,3 = and Ut^iUt^2Ut,3 = t — shows that for (p = c^, C1C2, C3 

limBB^(Xt; P3W) = BB^(X; Q), 

lim[BB^(X4; Pi(t)) + BB^{Xu Pal^)) + BB^{Xt; O)] = BB^(X; L). 
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